We theoretically study the quantum transport in three-dimensional Weyl electron system in the presence of the charged impurity scattering using a self-consistent Born approximation (SCBA). The scattering strength is characterized by the effective fine structure constant α, which depends on the dielectric constant and the Fermi velocity of the linear band. We find that the Boltzmann theory fails at the band touching point, where the conductivity takes a nearly constant value almost independent of α, even though the density of states linearly increases with α. There the magnitude of the conductivity only depends on the impurity density. The qualitative behavior is quite different from the case of the Gaussian impurities, where the minimum conductivity vanishes below a certain critical impurity strength.
I. INTRODUCTION
The electronic property of the three-dimensional (3D) gapless system is one of the great interest in the recent condensed matter physics. In such a system, two diffrent energy bands stick together at several points in the Brillouin zone, and the electronic structure around each touching point is described by the Weyl Hamiltonian. There are several theoretical proposals for possible physical systems having gapless band structure, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and in recent experiments, the gapless band structure was observed in Cd 3 As 2 and Na 3 Bi by a angle-resolved photoemission spectroscopy. [13] [14] [15] In this paper, we study the electronic transport in the 3D Weyl electron system with the charged (Coulomb) impurities. The impurity effects and the transport properties in the 3D gapless electronic system have been studied in several theoretical works.
1,2,16-25 Previously we studied the conductivity of single-flavored 3D Weyl system assuming Gaussian impurities, and found that there is a certain critical disorder strength at which the conductivity significantly changes its behavior. [19] [20] [21] [22] [23] The specific form of the impurity potential, however, generally affects the qualitative behavior of the electronic transport, and one may ask how the characteristic features in Gaussian impurities are modified in other types of the scatterers, such as the typical Coulomb impurities. For graphene, i.e., the two-dimensional version of the Weyl electron, the conductivity was calculated in different scattering models such as short-ranged impurities 26 , Coulomb impurities 27, 28 , and the Gaussian impurities, 29 and there the qualitative difference was found in the Fermi energy dependence and also in the behavior at the band touching point. For 3D Weyl system, the effect of Coulomb impurity on the transport was studied in the Boltzmann approach.
2,24,25
When we consider the conductivity near the Weyl point (band touching point), however, the Boltzmann transport theory generally fails and we need an alternative approach to appropriately incorporate the finite level broadening effect. Here we calculate the conductivity of the 3D Weyl electron system in the presence of the charged Coulomb impurities, using the self-consistent Born approximation to treat the finite level broadening. We include the screening effect within the Thomas Fermi approximation.
The scattering strength is characterized by the effective fine structure constant α, which depends on the dielectric constant and the Fermi velocity of the linear band. We find that the density of states is enhanced in all energy region linearly with the increase of α. On the other hand the conductivity at the Weyl point is almost independent of α unlike the Boltzmann theory, and even survive in the weak scattering limit, α → 0. The conductivity approaches the Boltzmann theory away from the Weyl point, as long as the Fermi energy is greater than the broadening energy. The qualitative behavior is quite different from the Gaussian impurities, where the Weyl-point conductivity jumps from zero to a finite value at some critical scattering strength. We closely examine the origin of the different behaviors between the Coulomb potential and the Gaussian potential, and derive an analytic criteria to test the existence of the critical behavior for general impurity potential.
The paper is organized as follows. In Sec. II, we introduce the model Hamiltonian, and present the formalism to calculate the Boltzmann conductivity and the SCBA conductivity. In Sec. III, we derive an approximate solution of SCBA equation at zero energy, and In Sec. IV, we present the numerical results of the SCBA equation, for the conductivity and the density of states. In Sec. V, we argue about the origin of qualitative difference between different types of the impurity potential. A brief summary is given in Sec. VI.
II. FORMULATION

A. Hamiltonian
We consider a three-dimensional, single-node Weyl electron system described by a Hamiltonian,
where σ = (σ x , σ y , σ z ) is the Pauli matrices, k is a wave vector, and v is a constant Fermi velocity. The first term is the Weyl Hamiltonian, and the second term is the disorder potential where r j is the positions of randomly distributed scatterers. For each single scatterers, we assume a long-ranged screened Coulomb potential,
where κ is the static dielectric constant, and scatterers of ± are randomly distributed with equal probability, and q s is the Thomas-Fermi screening constant given by
at zero temperature. U is Fourier transformed as U (r) = dqu(q)e iq·r /(2π) 3 where
We introduce an effective fine-structure constant
which characterizes the scattering strength. For the 3D Weyl electron in Cd 3 As 2 , for example, α is estimated at about 0.06 from v ≈ 1.0 × 10 6 ms −1 and κ ≈ 36. 13, 14, 30, 31 We define a wave vector scale and an energy scale,
where n i is the number of scatterers per unit volume.
B. Boltzmann transport theory
The Boltzmann transport equation for the distribution function f sk is given by
where s = ±1 is a label for conduction and valence bands, and W s ′ k ′ ,sk is the scattering probability,
The conductivity is obtained by solving Eq. (8) . As usual manner, the transport relaxation time τ tr is defined by
where θ kk ′ is the angle between k and k ′ . For the isotropic scatterers, i.e., u(q) depending only on q = |q|, it is straightforward to show that τ tr (ε sk ) solely depends on the energy ε and written as
where k = ε/( v) and D 0 (ε) is the density of states in the ideal Weyl electron,
For the Coulomb impurities, the relaxation time is derived analytically and written as
where
The conductivity at T = 0 is given by
and written as
Since the electron concentration n is proportional to ε 3 F in the 3D linear band, the Boltzmann conductivity σ B is proportional to n 4/3 . Figure 1 shows the conductivity Eq. (16) versus the Fermi energy ε F for several values of α.
The Boltzmann conductivity in 3D Weyl electron was previously calculated under the conditon that the electron density is equal to the Coulomb impurity density, i.e., all carriers are supplied from the ionic impurities. The result is reproduced by Eq. (16) with ε is replaced with v(6π
C. Self-consistent Born approximation
We introduce the self-consistent Born approximation (SCBA) for 3D Weyl electron system, following the formulation for general isotropic impurity potential. 22 We define the averaged Green's function aŝ
where · · · represents the average over the configuration of the impurity position.Σ(k, ε) is the self-energy matrix, which is approximated in SCBA aŝ
Eqs. (17) and (18) are a set of equations to be solved selfconsistently. From the symmetry of the present system, the self-energy matrix can be expressed aŝ
where k = |k| and n = k/k. We define X(k, ε) and
Substituting Eq. (17) for Eq. (18), the self-consistent equation becomes,
The detail of the derivation of Eq. (22) and Eq. (23) is given in the Appendix. From the obtained Green's function, the density of states per unit area is calculated as
The current vertex part J n satisfy the Bethe-Salpeter equation
The conductivity is calculated with the following formula
The derivation of Eq. (26) and Eq. (27) is presented in the Appendix.
III. APPROXIMATE ANALYTICAL SOLUTION AT ZERO ENERGY
In this section, we derive approximate analytical expressions for the density of states and the conductivity at the Weyl point (ε = 0). In the following, we solve the self-consistent Eqs. (22) and (23) at ε = 0 using a certain approximation to simplify the problem. We first assume
i.e., we neglect the Σ 2 term in Eq. (21) . We can show that Σ 2 is also linear to k in the real solution, and thus it gives Fermi velocity renormalization, while it does not change the qualitative behavior of the density of states and the conductivity. Then the equation (22) for X(k) = X(k, 0) is written as
First we consider the solution
can be approximately written by a delta function as
and Eq. (29) then becomes
The physically plausible solution is
Therefore, X(k) attenuates with the increase of k and vanishes at k = Γ 0 /( v).
For k = 0, we need a special treatment since the approximation Eq. (31) is not valid in k < q s . The selfconsistent equation at k = 0 is written as
On the condition that Γ 0 ≫ vq s , the term (k
is a rapidly changing function compared to X(k ′ ), and it vanishes except in the vicinity of k ′ = 0. Then X(k ′ ) can be replaced by X(0) in the integral, and we obtain a solution,
with
When compared to Eq. (33), we notice that X(0) has an additional correction term −i vq s , which is actually important in considering the limit of α → 0. All the approximation above is based on the assumption Γ 0 ≫ vq s , and this is actually satisfied in the situation considered in the later sections. Based on the above arguments, we introduce a crude approximation by even simplifying X(k) to a step function as
with Γ defined in Eq. (37). Substituting Eq. (28) and (38) for Eq. (25), we find the density of states
and from Eq. (3), the screening constant is written as
By solving Eq. (37) and (41), we have
In α ≪ 1, Γ is nearly proportional to √ α and the density of states is proportional to Γ 2 , thus to α. The Bethe-Salpeter equation Eq. (26) can be approximately solved at ε = 0 in a similar manner. We assume the form of the solution as,
where s = ±. Then the equation is reduced to
In a similar manner to X(k), we find a solution,
and q Γ = Γ/( v). In α ≪ 1, J +s can be expanded in the lowest order of α as
i.e., J +− diverges in α → 0 while J ++ remains constant. In small α, therefore, we can neglect J ++ 0 in Eq. (27) leaving only J +− 0 , and then the conductivity is calculated as
Using Eq. (47), the conductivity in the limit of α → 0 becomes
Here the magnitude of the conductivity is determined solely by the impurity density n i = q 3 0 , and it scales in proportion to n 1/3 i . The conductivity formula Eq. (48) is almost equivalent to the analytical expression for the Gaussian impurities 22 , but the actual behavior of the conductivity is significantly different. In the Gaussian case, the vertex part J +− is constant and the level broadening Γ vanishes below the critical disorder strength. As a result, the conductivity vanishes in the weak disorder regime. In the Coulomb impurity case, on the other hand, J +− diverges as 1/ √ α in the limit of α → 0, while the level broadening vanishes as √ α. Therefore, J +− Γ approaches constant, giving a finite minimum conductivity in the limit of α → 0.
IV. NUMERICAL RESULTS
We solve the SCBA equations Eq. Figs. 3(a) and (b) shows the conductivity as a function of the Fermi energy for several values of α. In Fig.  3(a) , we see that the SCBA result mostly agrees with the Boltzmann theory away from ε = 0, where the conductivity is proportional to ε 4 and increases with the decrease of α as expected from Eq. (16) . Fig. 3(b) shows the detailed plot around the Weyl point. Now we see a considerable disagreement between the two results, where the Boltzmann conductivity vanishes at the Weyl point, although the SCBA conductivity has a finite value. The Boltzmann theory is valid when the Fermi energy is much greater than the level broadening Γ, so that the energy region where the Boltzmann theory fails becomes wider with the increase of α. We actually see this behavior in Figs. 3(a) . Fig. 4(c) shows the zero-energy conductivity σ(0) as a function of α, where the solid line indicates the numerical result and the dashed line the analytical expression Eq. (49). The numerical curve is nearly constant depending on α only weakly. In the limit of α → 0, it actually approaches a finite value, and the magnitude agrees qualitatively well with the analytic estimation of Eq. (49). 
V. DISCUSSION
In our previous work, we studied the quantum transport in 3D Weyl electron in presence of Gaussian impurities, i.e., impurity potential U (r) expressed by a Gaussian U 0 exp(−r 2 /r 2 0 ). 22 There it was found that the density of states and the conductivity at the Weyl point completely vanish below a certain critical disorder strength, and abruptly rise above it. 22 In the case of the Coulomb potential studied in the present paper, in contrast, we do not have such a critical behavior. In this section, we argue about the origin of the qualitative difference depending on the type of impurity potential. We consider the isotropic impurity potential U (r) (and its Fourier tranform u(k)), and assume an approximate solution for the self-consistent equation,
Then Eq. (29) at k = 0 is written as
Obviously, Eq. (52) has a trivial solution Γ = 0, and another solution is obtained from
When the right-hand side of Eq. (53) is viewed as a function of Γ, it takes the maximum value at Γ = 0, which is written as,
When I is smaller than 1, Eq. (53) cannot be satisfied by any Γ, and then Γ = 0 is the only solution of Eq. (52). In the case of the Gaussian potential
, for example, the integral I becomes a finite value proportional to n i u 2 0 , and Γ (and thus the density of states) vanishes when n i u 2 0 is lower than a certain critical value.
22
For the screened Coulomb potential, i.e., u(k) = (4πe 2 /κ)/(k ′ 2 + q 2 s ), we have
and the condition for having only a trivial solution Γ = 0 is
If we treat q s as a constant, Eq. (56) is satisfied when α is sufficiently small. However, α and q s are not actually independent in the self-consistent calculation, as we argued in Sec. III. Using the self-consistent solution Eqs.
(41) and (42), Eq. (56) is rewritten as
which cannot be true. In a screened Coulomb scatterers, therefore, we always have a nonzero solution for Γ and there is no critical disorder scattering strength.
On the other hand, we can show that the critical disorder strength does exist in Gaussian scatterers even when we take account of the screening effect, which was neglected in the previous work. 22 The screened Gaussian potential is written as
giving
The inverse screening length q s is to be self-consistently determined by Eq. (3). Unlike the Coulomb impurity [Eq. (55)], the intergral I never diverges in any value of q s and it has an upper bound I max at q s = 0. In a sufficiently small n i u 2 0 such that I max < 1, therefore, we have only a trivial solution Γ = 0 regardless of q s , while this is a sufficient but not necessary condition.
Following the above discussion, we see that whether a critical disorder strength exists depends on the specific form of the impurity potential, even when the screening effect is included. We can examine the existence of the critical disorder strength for any type of impurity scatterers in a similar way, by estimating the maximum value of the intergral I in Eq. (54) as a function of q s .
VI. CONCLUSION
We have studied the electronic transport in threedimensional Weyl electron system with the charged Coulomb impurities using the self-consistent Born approximation. The scattering strength is characterized by the effective fine structure constant α which is determined by the Fermi velocity and the dielectric constant. The density of states is enhanced in all energy region and at a fixed energy, it increases linearly with the increase of α. On the other hand the conductivity at the Weyl point is almost independent of α, and even survive in the limit of α → 0. The magneitude of the Weylpoint conductivity only depends on the impurity density n i , and scales in proportion to n 1/3 i . In the energy region away from the Weyl point, the SCBA conductivity agrees well with the Boltzmann conductivity. The behavior in Coulomb impurities is significantly different from the Gaussian impurities, where the Weyl point conductivity almost completely vanishes below a finite critical disorder strength. We showed that the existence of the critical disorder strength can be tested by an analytic criteria for the impurity potential U (r). Here we present the derivation of the self-consistent equations and the formula for the conductivity. Using the definition of X(k, ε) and Y (k, ε), Eqs. (17) and (18) are written aŝ
where n ′ = (n · n ′ )n is the component of parallel to n, and n ′ ⊥ is the perpendicular part. Then Eq. (A.2) becomeŝ Σ(k, ε) = dk
The third term vanishes after the integration over the k
The above equation immediately gives the self-consistent equation Eq. (22) and (23) . The Kubo formula for the conductivity is given by
whereĴ x is current vertex-part satisfying the BetheSalpeter equation
The vertex partĴ is written aŝ J x (k, ε, ε ′ ) = σ x J 0 (k, ε, ε ′ ) + (σ · n)σ x (σ · n)J 1 (k, ε, ε ′ ) +(σ · n)σ x J 2 (k, ε, ε ′ ) + σ x (σ · n)J 3 (k, ε, ε ′ ). (A.8) To calculate Eq. (A.7), we consider an integral
where F (k) is an arbitrary function. After some algebra, we obtain
(A.10)
In a similar way as for the self-energy, we have
Using the above equations, we obtain the Bethe-Salpeter equation Eq. (26) and Eq. (27) .
